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Also, prediction from evidence.
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Experiment: flip a coin with heads prob. p. until Heads.
Random Variable X: number of flips.

And distribution is:

(A) X ~G(p): PrIX=1=(1-p)'p.
(B) X~ B(p,n) : PriX =il = (7)p'(1 —p)"".

(A) Distribution of X ~ G(p): Pr[X =i1=(1-p)~'p.
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PriX >n+m|X >n]=Pr[X>m],mn>0.

B A
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Pr[X > n+m|X > n] = Pr[A|B] = Pr[A] = Pr[X > m].
A’: is m coin tosses before heads.
A|B: m’more’ coin tosses before heads.

The coin is memoryless , therefore, so is X.
Independent coin: Pr[H|any previous set of coin tosses’] = p
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Let X be G(p). Then, for n> 0,

Pr[X > n] = Pr[ first nflips are T] = (1—p)".
Theorem

Pr(X>n+m|X > n|= Pr[X >m|,mn>0.

Proof:

Pr(X >n+mand X > n|
Pr(X > n
Pr[X >n+m]
Pr(X > n
a-p" m
a—pn (=P
PriX > m].

PriX >n+m|X > n
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Fact:

Indeed:

var(X)

var[X] = E[X?] - E[X]?.

E[(X - E[X])?]
E[X? —2XE[X]+ E[X]?)
E[X?] - 2E[X]E[X] + E[X]?, by linearity

= E[X?]-E[X]?.
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A simple example

This example illustrates the term ‘standard deviation.
Pr=10.5 T . el Pr=10.5

® ! O >

7
h—a I

Consider the random variable X such that

x_| p-o w.p. 1/2
| u+o, wp1/2

Then, E[X] = u and (X — E[X])? = 62. Hence,

var(X) = 6® and 6(X) = o.
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Yields 2E[X] for E[|X — E[X]|], and ~ v/M for ~ E[\/X — E(X)].
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EX] = |

i=1
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n

n
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Also,

n n
E[X?] = Zﬁxww:qz%ZF
i=1 i=1

1(n(n+1)(n+2) 1+3n+2nm°
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, as you can verify.
This gives

143n+2m (n+1)? n?—1
var(X)=——-y _(4): 12

(Sort of /% x2dx = %)
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Var(X) = E(X?) — (E(X)2 =2—1=1.
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Poll: fixed points.

What’s true?

(A) Xj and X; are independent.
No. If student i gets student j’s homework.

(B) E[XiXj] = Pr(XiXj=1]
Yes. Indicator random variable.

(C) PriXx) = 72

n
Yes. (n—2)! outcomes where X;X; = 1.

(D) X2 = X;.
Yes. 12=1and 0> =1, X; € {0,1}.
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n . .
E[X?] = Zi2x<7)p’(1p)”_’.
i=0
— Really???!1##...

Too hard!

Ok.. fine.
Let’s do something else.
Maybe not much easier...but there is a payoff.
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Independent: P[X =a,Y = b] = Pr[X = a]Pr[Y = b]
Fact: E[XY] = E[X]E[Y] for independent random variables.

E[XY]= Y Y axbxPriX=aY=0b]
a b
= Y )Y axbx Pr[X=alPr[Y = b]
a b

= ()_aPriX = al)(}_bPr[Y = b))
a b

_ E[X]E[Y]
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Poisson Distribution: Variance.

Definition Poisson Distribution with parameter A > 0

m

xzpuyﬁmw:mp%ﬁa%m>a

Mean, Variance?

Ugh.

Recall that Poission is the limit of the Binomial with p=24/nas n— eo.
Mean: pn=A

Variance: p(1—p)n=21—212/n— A .

E(X?)? Var(X) = E(X?)— (E(X))? or E(X?) = Var(X) + E(X)?.
E(X?)=A+A%.
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Covariance

Definition The covariance of X and Y is

cov(X,Y) = E[(X — E[X])(Y — E[Y])].

Fact
cov(X,Y)= E[XY]— E[X]E[Y].
Proof:
Think about E[X] = E[Y] = 0. Just E[XY]. Clish.

For the sake of completeness.

E[(X — E[X])(Y — E[Y])] = E[XY — E[X]Y — XE[Y] + E[X]E[Y]]
= E[XY] - E[X]E[Y] - E[X]E[Y] + E[X]E[Y]
= E[XY] - E[X]E[Y].
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Correlation

Definition The correlation of X, Y, Cor(X,Y) is

cov(X,Y)

corr(X,Y): (X)o (V)"

Theorem: —1 < corr(X,Y) < 1.
Proof: Idea: (a— b)? >0 — & + b? > 2ab.

Simple case: E[X] = E[Y] =0 and E[X?] = E[Y?] =1.
Cov(X,Y) = E[XY].

E[(X — Y)?] = E[X?] + E[Y?] - 2E[XY] = 2(1 — E[XY]) > 0

— E[XY] <1.

E[(X+ Y)?] = E[X?] + E[Y2]+2E[XY] =2(1 + E[XY]) >

— E[XY] > 1.

Shifting and scaling doesn’t change correlation.
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Examples of Covariance

Four equally likely pairs of values

21 O C] Qe o ] Qe
—1 1 —1 1 —1 1

cov(X,Y)=1/2 cov(X,Y)=—-1/2 cov(X,Y) =10

Note that E[X] =0 and E[Y] =0 in these examples. Then
cov(X,Y) = E[XY].

When cov(X,Y) > 0, the RVs X and Y tend to be large or small
together. X and Y are said to be positively correlated.

When cov(X, Y) <0, when X is larger, Y tends to be smaller. X and
Y are said to be negatively correlated.

When cov(X,Y) =0, we say that X and Y are uncorrelated.
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What is true?

(A) Everyone is above average (on midterm)
False. Average would be higher.

(B) For a random variable, at most half the people can be more than
twice the average.
False. Consder Pr[X =—-2]=1/3 and Pr[X=1]=2/3. E[X]=0.

(C) For the midterm with no negative scores, at most half the people
can be more than twice the average.
True. Otherwise average would be higher.
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If X < a, the inequality reads 0 < f(x)/f(a), since f(-) > 0.
If X > a, itreads 1 < f(x)/f(a), since f(-) is nondecreasing.

Taking the expectation yields the inequality,
expectation of an indicator is the probability.
and expectation is monotone, e.g., weighted sum of points.

Thatis, T, PrIX = vI1{v > a} <X, PriX = v (4.

Intuition: E[f(X)] > f(a)Pr[X > a] = f(a)Pr[X > f(a)].
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This is Pafnuty’s inequality:
Theorem:

Prix — EX] > a < 21X toranaso.
a
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This result confirms that the variance measures the “deviations from
the mean.”
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Expectation: E[X] =Y aPr[X = a] = Y. yecq X(0)Pr(o).
Linearity: E[X+ Y] = E[X]+ E[Y].

Variance: Var(X) = E[(X — E[X])?] = E[X?] — (E(X))?
For independent X, Y, Var(X+Y) = Var(X)+ Var(Y).
Also: Var(cX) = ¢?Var(X) and Var(X +b) = Var(X).

Poisson: X ~ P(1) E(X)=A, Var(X)=A.

Binomial: X ~ B(n,p) E(X) = np, Var(X)=np(1—p)

1

Uniform: X ~ U{1,...,n} E[X] =21, Var(X) = &5



Random Variables so far.

Probability Space: Q, Pr:Q — [0,1], Ypeq Pr(w) =1

Random Variables: X : Q — R.

Associated event: PriX = a] = ¥y x(w)=a Pr(®)

X and Y independent < all associated events are independent.

Expectation: E[X] =Y aPr[X = a] = Y. yecq X(0)Pr(o).
Linearity: E[X+ Y] = E[X]+ E[Y].

Variance: Var(X) = E[(X — E[X])?] = E[X?] — (E(X))?
For independent X, Y, Var(X+Y) = Var(X)+ Var(Y).
Also: Var(cX) = ¢?Var(X) and Var(X +b) = Var(X).

Poisson: X ~ P(1) E(X)=A, Var(X)=A.

Binomial: X ~ B(n,p) E(X) = np, Var(X)=np(1—p)

Uniform: X ~ U{1,...,n} E[X] = 2§, Var(X) = 7.

Geometric: X ~ G(p)




Random Variables so far.

Probability Space: Q, Pr:Q — [0,1], Ypeq Pr(w) =1
Random Variables: X : Q — R.

Associated event: PriX = a] = ¥y x(w)=a Pr(®)
X and Y independent < all associated events are independent.
Expectation: E[X] =Y aPr[X = a] = Y. yecq X(0)Pr(o).

Linearity: E[X+ Y] = E[X]+ E[Y].
Variance: Var(X) = E[(X — E[X])?] = E[X?] — (E(X))?

For independent X, Y, Var(X+Y) = Var(X)+ Var(Y).

Also: Var(cX) = ¢?Var(X) and Var(X +b) = Var(X).
Poisson: X ~ P(1) E(X)=A, Var(X)=A.
Binomial: X ~ B(n,p) E(X) = np, Var(X)=np(1—p)
Uniform: X ~ U{1,...,n} E[X] = 2§, Var(X) =7
Geometric: X ~ G(p) E(X) = J, Var(X) = p;f




