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Continuous: “outcome” is real number.
Probability: Events is interval.
Density: Pr[X € [x,x+ dx]] = f(x)dx

ax

Pr[X € [x,x+dx]] ~ f(x)dx

Joint Continuous in d variables: “outcome” is € RY.
Probability: Events is block.
Density: Pr[(X,Y) € ([x,x+dx],[y,y +dx])] = f(x,y)dxdy

dy Pr((X,Y) € (Ix,x+dx], [y, y + dy])] ~ f(x, y)dxdy
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Probability!

Challenges us. But really neat.
At times, continuous.

At others, discrete.

Sample Space:(Q, Pr[w]. Random Variable: X, Range is

Event: Pr[A] =Y yea Prio] reals.

Yo Prio] = 1. Event: A= [a,b], Pr[X € A],
Random variables: X (). CDF: F(x) = Pr[X < x].
Distribution: Pr[X = x] PDF: f(x) = d’;g(x)_

Yy PriX=x]=1. I f(x)=1.

Continuous as Discrete. L&
Pr(X € [x,x+0]] ~ f(x)d

0
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Probability Rules are all good.

Conditional Probability.
Events: A,B
Discrete: “Heads”, “Tails”, X =1, Y =5.
Continuous: X'in [.2,.3]. X € [.2,.3] or X € [.4,.6].
Conditional Probability: Pr[A|B] = Z3Ag0)
Pr[“Second Heads”|“First Heads”],
PriX €[2,3]|X €[.2,.3] or X € [.5,.6]].

Total Probability Rule: Pr[A] = Pr[An B]+ Pr[An B]
Pr[“Second Heads”] = Pr[HH] + Pr[TH]
B is First coin heads.
Pr[X € [.45,.55]] = Pr[X € [.45,.50]] + Pr[X € (.50,.55]]
Bis X €0,.5]

Product Rule: Pr[An B] = Pr[A|B]Pr|[B].
Bayes Rule: Pr[A|B] = Pr[B|A]|Pr[A]/Pr|[B].

All work for continuous with intervals as events.
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Conditional density.

Conditional Density: fyy(x, ).
Conditional Probability: Pr(X € A|Y € B] = 213278

fx.y(x,y)dxdy

PriX e x,x+aX|Y € [y.y +dyl] = X7 0

_ hy(xy) 0 fxy(xy)
fX‘Y(X’y) - Ny T fj—: fx,y(X,y)dX

Corollary: For independent random variables, fx|y(x,y) = fx(x).
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Expo(1)
The exponential distribution with parameter A > 0 is defined by
fx(x) = Ae M 1{x >0}

0, ifx<0
FX(X):{ 1—e ™, ifx>0.
1 4
08 |
ol A=1 Fx(z) o |
0.7 2 )‘u 5 \:.’
06 25
05 Y 2 Fxia)
04
04 ' Fx(x)
02 fx(x) '
0.1 05
05 1|:| 5 05 cl,

Note that Pr[X > t] = e *! for t > 0.
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1. Expo is memoryless. Let X = Expo(4). Then, for s,t > 0,

Pr[X > t+ 5]
PriX > g]
efiL(t+s)

e—lS
= Pr[X>1{].

PriX>t+s|X>s] =

efiLt

‘Used is as good as new.
2. Scaling Expo. Let X = Expo(A) and Y = aX for some a> 0. Then
PrlY >t] = PrlaX>t]=Pr[X>1t/q]
e MU/a) — =4/t _ pr[Z > {] for Z = Expo(2/a).
Thus, ax Expo(A) = Expo(A/a).
Also, Expo(A) = 1 Expo(1).
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More Properties

3. Scaling Uniform. Let X = U[0,1] and Y = a+ bX where b > 0.
Then,

y—-ay+dé—a

PrlY e(y,y+906)] = Prla+bXe(y,y+06)]=Pr[Xe(—— 5 7T)]
B y—a y-—a § 1 y—a
= Pr[Xe(—b - +b)]—b6, for0<—b <1
= —6,fora<y<a+b.

b
Thus, fy(y) = 1 fora< y < a+b. Hence, Y = U[a,a+ b].

Replace b by b— a, use X = U[0,1],then Y = a+ (b—a)X is U|a, b].
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Breaking a Stick

You break a stick at two points chosen independently uniformly at
random.

What is the probability you can make a triangle with the three pieces?

- o, Let X, Y be the two break points along the
X ! [0,1] stick.

A triangle if

A<B+C,B<A+C,and C<A+B.

If X <Y, this means
X<05 Y<X+.5 Y>05.
This is the blue triangle.

If X > Y, get red triangle, by symmetry.

Thus, Pr[make triangle] = 1/4.
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Minimum of ni.i.d. Exponentials.

Let Xi,...,X, be i.i.d. Expo(1). Define Z = min{ Xy, Xo, ...

What is true?

) Z is exponential.
Parameter is n.
limy_e(1 = n/N)N — =7

)
)
) E[Z]=1/n.
)

(A

(B
(C
(D
(C) is an argument for (A), (B) and (D).

»Xn}-
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Quantization Noise

We saw that E[Z2] = 1272("1) and E[X?] = }.

The signal to noise ratio (SNR) is the power of the signal divided by
the power of the noise.

Thus,
SNR = 22(n+1)

Expressed in decibels, one has
SNR(dB) =10log1o(SNR) = 20(n+1)log1(2) =~ 6(n+1).

For instance, if n= 16, then SNR(dB) ~ 112dB.
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Problem 1: Pick two points X and Y independently and uniformly at
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What is E[(X — Y)?]?
Analysis: One has

E[(X-Y)?] = E[X?+Y?-2XY]
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Summary

‘ Continuous Probability ‘

» Continuous RVs are similar to discrete RVs
» Think that X € [x, x + €] with probability fx(x)e
» Sums become integrals, ....

» The exponential distribution is magical: memoryless.



