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To direct or not to direct.

Thm: n? is even => nis even.

Contrapositive Proof: n =2k +1, n? = 4k? 4+ 2k +1, n=2(2k? + k) +1.
nis odd = n?is odd.

Direct Proof: n? +n = n(n+1) which indicates it is even.
n=n?+n-n? = even+ even— even so nis even.

More detail: even+ even—even=2q+2k—-2m=2(q+k—m).



CS70: Note 3. Induction!

Poll. What'’s the biggest number?
A) 100

B) 101

) n+1

D)

)

E) This is about the “recursive leap of faith.”

infinity.

—_ e~ e~ o~
@]
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Teacher: Hello class.
Teacher: Please add the numbers from 1 to 100.

Gauss: Its 19190 or 5050

Five year old Gauss Theorem: V(ne N): Y7 ,i= (M),

It is a statement about all natural numbers.
VY(ne N): P(n).

P(n) is “Lqi = PG
Principle of Induction:

> Prove P(0).

» For k € N Assume P(k), “Induction Hypothesis”
» Prove P(k+1). “Induction Step.”
>

= P(n)is true for all nc N.
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Notes visualization

Note’s visualization: an infinite sequence of dominos.

Prove they all fall down;
» P(0) = “First domino falls”

> (Vk) P(k) = P(k+1):
“kth domino falls implies that k + 1st domino falls”
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I;(n+3)

P(n+2) P(0)
P(n+1) vk, P(k) = P(k+1)
©. 7 P(n) P(0) = P(1) = P(2) = P(3) ...

(Vne N)P(n)

P(3)
P(2)
P(1)
P(0)

Your favorite example of forever..or the natural numbers...
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Poll: What did Gauss use in the proof?

A

(A) Every natural number has a next number.
(B) The recursive leap of faith.
(C)
(D)

C) 2k > k.
k(k+1 k+1)(k+2
D) vk e N, M) 4 o qq = (ET)(H2),
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=3(q+k?+k) (Un)Distributive + over x
Or (k+1)3—(k+1)=3(q+k?+k).
(g+ k2 + k) is integer (closed under addition and multiplication).
— (k+1)3 - (k+1) is divisible by 3.
Thus, (Vvk € N)P(k) = P(k+1)
Thus, theorem holds by induction.
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Theorem: For all natural numbers n, 3|n® — n.
What did we use in the proof?

(A) (VvneN,P(n) = P(n+1)) = (VneN,P(n)).
(B) Vk € N, (3|k® — k) = (3|(k+1)%—(k+1)).
(C) (k+1)% = k®+3k? +3k +1.

(D) (k+1)% —(k+1) = k3+3k? + 2k

(E) k® 4+ 3k?+2k = (k3 — k) +3k? + k

We used everything above except (A) and (E), cuz is false.
With P(0) then (A) works.
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Two color theorem: proof illustration.

1. Add line.

2. Get inherited color for split regions

3. Switch on one side of new line.

(Fixes conflicts along new line, and makes no new ones along
previous line.)

Algorithm gives P(k) = P(k+1).



Poll: what did we use in the proof.

A) Switching a 2-coloring is a valid coloring.
B) Definition of 2-coloring.
D
E

(A)

(B)

(C) Definition of adjacent.
(D) Definition of region.
(E)

The four color theorem.
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Tiling Cory Hall Courtyard.

Use these L-tiles.

To Tile this 4 x 4 courtyard.

e

b

Tiled 4 x 4 square with 2 x 2 L-tiles.
with a center hole.

Can we tile any 2" x 2" with L-tiles (with a hole) for every n!
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Theorem: Can tile the 2" x 2" square to leave a hole adjacent to the
center.

Proof:

Base case: A single tile works fine.
The hole is adjacent to the center of the 2 x 2 square.

Induction Hypothesis:
Any 2" x 2" square can be tiled with a hole at the center.

2n+1

2n+1 What to do now???

2n
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Prime or divisible by a prime..

A prime number is divisible by only itself and 1.
A number that is not prime is divisible by another number.
A number that is not prime is divisible by a prime.

Proof: induction.
nis not prime.
Divisible by another number, m, n=jm
If mis prime and we are done.
Otherwise p|m for a prime p by induction hypothesis.
That is, m = ip for integer i.
And minor n=jmand m=ip
So n = (ij)p.
Prime p divides n by principle of strong induction.
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If (vn)P(n) is not true, then (3n)-P(n).
Consider smallest m, with -P(m), m>0
P(m—1) = P(m) must be false (assuming P(0) holds.)
This is a restatement of the induction principle!
l.e.,
-(VYn)P(n) = ((3n)~(P(n—1) = P(n)).
(Contrapositive of Induction principle (assuming P(0))
It assumes that there is a smallest m where P(m) does not hold.

The Well ordering principle states that for any subset of the natural
numbers there is a smallest element.

Examples: even numbers, odd numbers, primes, non-primes, etc..
True for rational numbers? Poll.

Note: can do with different definition of smallest.
For example. Use reduced form: a/b and order by a+ b.
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Well ordering principle.

Thm: All natural numbers are interesting.

0 is interesting...
Let n be the first uninteresting number.
But n—1 is interesting and n is uninteresting,
so this is the first uninteresting number.
But this is interesting.
Thus, there is no smallest uninteresting natural number.

Thus: All natural numbers are interesting.
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Horses of the same color...

Theorem: All horses have the same color.

Base Case: P(1) - trivially true.
New Base Case: P(2): there are two horses with same color.

Induction Hypothesis: P(k) - Any k horses have the same color.

Induction step P(k+1)?
First k have same color by P(k).
Second k have same color by P(k).
A horse in the middle in common!

Fix base case.
There are two horses of the same color. ...Still doesn’t work!!
(There are two horses is # For every pair of two horses!!!)

Of course it doesn’t work.
More subtle to catch errors in proofs of correct theorems!!
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Thm: If there are nislanders with green eyes they leave on day n.

Proof:
Base case: n=1. Person with green eyes leaves on day 1.

Induction hypothesis:
If n people with green eyes, they would leave on day n.

Induction step:
On day n+1, a green eyed person sees n people with green eyes.

But they didn't leave.

So there must be n+ 1 people with green eyes.

One of them, is me.

| have to leave the island. | like the island. | am very sad.
Wait! Visitor added no information.
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Common Knowledge.

Using knowledge about what other people’s knowledge (your eye
color) is.

On day 1, everyone knows everyone sees more than zero.
On day 2, everyone knows everyone sees more than one.

On day 99, everyone knows no one sees 98
since everyone knows everyone else does not see 97...

On day 100, ...uh oh!

Another example:

Emperor’s new clothes!
No one knows other people see that he has no clothes.
Until kid points it out.
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Today: More induction.
(P(O)A((Vk e N)(P(k) = P(k+1)))) = (Vne N)(P(n))

Statement to prove: P(n) for n starting from ng

Base Case: Prove P(ng).

Ind. Step: Prove. For all values, n> ng, P(n) = P(n+1).
Statement is proven!

Strong Induction:
(P(O)A((Vne N)(P(n) = P(n+1)))) = (Vne N)(P(n))
Also Today: strengthened induction hypothesis.
Strengthen theorem statement.
Sum of first n odds is n?.

Hole anywhere.
Not same as strong induction. E.g., used in product of primes proof.

Induction = Recursion.
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