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P(n+2) P(0)
P(n+1) vk, P(k) = P(k+1)
©. 7 P(n) P(0) = P(1) = P(2) = P(3) ...

(Vne N)P(n)

P(3)
P(2)
P(1)
P(0)
Your favorite example of forever..or the natural numbers...
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Proof:
Base: n=1. Person with green eyes leaves on day 1.

Induction hypothesis:
If n people with green eyes, they would leave on day n.

Induction step:
On day n+1, a green eyed person sees n people with green eyes.

But they didn't leave.

So there must be n+ 1 people with green eyes.

One of them, is me.

| have to leave the island. | like the island. SAD. O
Wait! Visitor added no information.
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(B
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Quick Poll.

If 66 villagers out of the 100 had green eyes, what would happen?

) Everyone would leave on the first day.
B) The villagers with green eyes would leave on the 66th day.
C) All the villagers would leave on the 66th day.

D) The green eyed villagers would leave on the 100th day.
E) All the villagers would leave on the 100th day.
)

(A
(
(
(
(
(B
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(x',y’) = find-x-y(n-4)

return(x’+1,y”")

Prove: Given n, returns (x,y) where n=4x-+5y, forn>12.
Base cases: P(12), P(13), P(14) , P(15). Yes.

Strong Induction step:
Recursive call is correct: P(n—4) = P(n).
n—4=4x'+5y' — n=4(x'+1)+5(y)
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Prove: Given n, returns (x,y) where n=4x-+5y, forn>12.
Base cases: P(12), P(13), P(14) , P(15). Yes.

Strong Induction step:
Recursive call is correct: P(n—4) = P(n).
n—4=4x'+5y' — n=4(x'+1)+5(y)
Slight differences: showed for all n > 16 that A7 P(i) = P(n).
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Yes.

What if the statement is only for n > 3?
VYneN,(n>3) = P(n)

Restate as:
VneN,Q(n) where Q(n)="“(n>3) = P(n)".

Base Case: typically start at 3.
Since Vne N, Q(n) = Q(n+1) is trivially true before 3.

Can you do induction over other things? Yes.
Any set where any subset of the set has a smallest element.

In some sense, the natural numbers.
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Stable Matching Problem

» n candidates and n jobs.

» Each job has a ranked preference list of candidates.

» Each candidate has a ranked preference list of jobs.
How should they be matched?

» Maximize total satisfaction.

» Maximize number of first choices.
» Maximize worse off.
>

Minimize difference between preference ranks.
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The best laid plans..

Consider the pairs..
» Cal Bears and the Pac-12
» Wake Forest and the ACC

Cal Bears prefers the ACC
The ACC prefers Cal Bears.
Uh..oh. Sad Pac-12, (and Wake Forest.)
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So..

Produce a matching where there are no hurtful moves!
Definition: A matching is disjoint set of n job-candidate pairs.
Example: A matching S = {(CalBears, Pac12); (WakeForest, ACC)}.

Definition: A rogue couple b, g* for a pairing S:
b and g* prefer each other to their partners in S

Example: Cal Bears and the ACC are a rogue couple in S.

Not a great example of stable matching, but interesting exercise in
“selfish” incentives.
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Example.

Jobs Candidates
All1 2 3 1]Cc A B
B|IX 2 3 2|lA B C
ClX 1 3 3|lA C B

Day1 | Day2 | Day 3 | Day 4 | Day 5
1| AK | A
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The Propose and Reject Algorithm.

Each Day:

1. Each job proposes to its favorite candidate on its list.

2. Each candidate rejects all but their favorite proposer
(whom they put on a string.)

3. Rejected job crosses rejecting candidate off its list.

Stop when each job gets exactly one proposal.
Does this terminate?

...produce a matching?

....a stable matching?
Is this “better” for jobs or candidates?
What does “better” even mean?
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Termination.

Every non-terminated day a job crossed an item off the list.
Total size of lists? n jobs, n length list. n?

Terminates in < n? steps!
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(C) The candidate can always keep the job on the string.

(A) and (C).
Sure on (B), but that’s Econ not CS.

To be sure, stable matching is from Econ.
Professsors: Gale and Shapley.

Economics: Study of choice. Freedom of choice.
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(A) Implies: no unmatched job at end.

(B) Uses Improvement Lemma: every candidate matched.
(©)

(D)

D

From Algorithm: unmatched job would ask everyone.

Implies: every one gets their favorite job.

(D) is false.
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(A) Contradiction.
(B) Uses the improvement lemma.
(C) Induction.

(D
(

E

Direct.

)
)
)
) The algorithm description.

(A), (B), (C), (E).(Maybe (D) internally. Semantics.)
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True? False? False!

Subtlety here: Best partner in any stable matching.
As well as you can be in a globally stable solution!
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Understanding Optimality: by example.
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in stable pairing S.

b* - knocks b off of g's string = g prefers b* to b (partner in S)
By choice of b, b* likes g at least as much as optimal candidate.
= b* prefers g to its partner g* in S.

Rogue couple for S.
So S is not a stable pairing. Contradiction. O

Notes: S - stable. (b*,g*) € S. But (b*, g) is rogue couple!
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(g,b) is Rogue couple for S

S is not stable.

Contradiction. O

Notes: Not really induction.
Structural statement: Job optimality — Candidate pessimality.
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that is, no rogue couple by improvement, job choice,
and well ordering principle.
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contradiction plus cuz job optimality implies better pairing.
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