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Poll: Proof of “handshake” lemma.

What’s true?

(A) Number of edge-vertex incidences for an edge e is 2.
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Directed Paths.

Path: (vq,v2),(v2,v3),. .. (Vk_1, V).
Paths, walks, cycles, tours ... are analagous to undirected now.
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Theorem: Any undirected graph has an Eulerian tour if and only if all
vertices have even degree and is connected.
Proof of only if: Eulerian — connected and all even degree.

Eulerian Tour is connected so graph is connected.

Tour enters and leaves vertex v on each visit.
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When you enter, you can leave.

For starting node, tour leaves first ....then enters at end.
Not The Hotel California.

(Timestamp: 4:02).

16/26


https://www.youtube.com/watch?v=09839DpTctU

Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

... till you get back to v.

2. Remove tour, C.

17/26



Finding a tour!

Proof of if: Even + connected —- Eulerian Tour.

We will give an algorithm. First by picture.
1. Take a walk starting from v (1) on “unused”
edges

... till you get back to v.
e c G 2. Remove tour, C.
OO

3. Let Gy,..., Gk be connected components.

&0

CNORO

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”

edges

... till you get back to v.

2. Remove tour, C.

3. Let Gy,..., Gk be connected components.
Each is touched by C.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why?

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: v =1,

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, vo =10,

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, vo =10, v3 =4,

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
e ° G ... till you get back to v.
2. Remove tour, C.
' 3. Let Gy,..., Gk be connected components.
e e Each is touched by C.
e Why? G was connected.
Let v; be (first) node in G; touched by C.
e.e Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy, ..., G starting from v;

CNORO

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges

e ° G ... till you get back to v.
. Remove tour, C.
0 ' . Let Gy,..., Gk be connected components.
e e Each is touched by C.
e @ Why? G was connected.

Let v; be (first) node in G; touched by C.

@ @ @ Example: vi =1, o =10, vy =4, vy = 2.

4. Recurse on Gy, ..., G starting from v;

w N

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

o &0

1. Take a walk starting from v (1) on “unused”

edges

W N

. till you get back to v.
. Remove tour, C.
. Let Gy,..., Gk be connected components.

Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.

Example: vi =1, o =10, vy =4, vy = 2.
. Recurse on Gy,..., Gk starting from v;
. Splice together.

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

:e '“

1. Take a walk starting from v (1) on “unused”

edges

W N

. till you get back to v.
. Remove tour, C.
. Let Gy,..., Gk be connected components.

Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.

Example: vi =1, o =10, vy =4, vy = 2.
. Recurse on Gy,..., Gk starting from v;
. Splice together.

1,10

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

ce '“

1. Take a walk starting from v (1) on “unused”

edges

W N

4.
5.

. till you get back to v.
. Remove tour, C.
. Let Gy,..., Gk be connected components.

Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.

Example: vi =1, o =10, vy =4, vy = 2.

Recurse on Gy,..., Gy starting from v;
Splice together.
1,10,7,8,5,10

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy, ..., G starting from v;
5. Splice together.
1,10,7,8,5,10 ,8,4

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy,..., Gy starting from v;
5. Splice together.
1,10,7,8,5,10 ,8,4,3,11,4

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy,..., Gy starting from v;
5. Splice together.
1,10,7,8,5,10,8,4,3,11,4 5,2

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy, ..., G starting from v;
5. Splice together.
1,10,7,8,5,10,8,4,3,11,4 5,2

17/26



Finding a tour!

Proof of if: Even + connected — Eulerian Tour.
We will give an algorithm. First by picture.

1. Take a walk starting from v (1) on “unused”
edges
... till you get back to v.
2. Remove tour, C.
3. Let Gy,..., Gk be connected components.
Each is touched by C.
Why? G was connected.
Let v; be (first) node in G; touched by C.
Example: vi =1, o =10, vy =4, vy = 2.
4. Recurse on Gy, ..., G starting from v;
5. Splice together.
1,10,7,8,5,10,8,4,3,11,4 5,2 and to 1!

17/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.
Claim: Do get back to v!

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.

Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.

Let v; be first vertex of C that is in G;.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected —>

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G;

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.
4. Splice T; into C where v; first appears in C.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.
4. Splice T; into C where v; first appears in C.

Visits every edge once:
Visits edges in C

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.
4. Splice T; into C where v; first appears in C.

Visits every edge once:
Visits edges in C exactly once.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.
4. Splice T; into C where v; first appears in C.

Visits every edge once:
Visits edges in C exactly once.
By induction for all edges in each G;.

18/26



Recursive/Inductive Algorithm.
1. Take a walk from arbitrary node v, until you get back to v.

Claim: Do get back to v!
Proof of Claim: Even degree. If enter, can leave except for v. O

2. Remove cycle, C, from G.
Resulting graph may be disconnected. (Removed edges!)
Let components be Gy, ..., Gk.
Let v; be first vertex of C that is in G;.
Why is there a v; in C?
G was connected — path from G; to rest.
a vertex in G; must be incident to a removed edge in C.

Claim: Each vertex in each G; has even degree and is connected.
Prf: Tour C has even incidences to any vertex v. O

3. Find tour T; of G; starting/ending at v;. Induction.
4. Splice T; into C where v; first appears in C.

Visits every edge once:
Visits edges in C exactly once.
By induction for all edges in each G;. O

18/26



Poll: Euler concepits.

Mark correct statements for a connected graph where all
vertices have even degree. (Below, tours uses edges at most
once, but may involve a vertex several times.

19/26



Poll: Euler concepits.

Mark correct statements for a connected graph where all
vertices have even degree. (Below, tours uses edges at most
once, but may involve a vertex several times.

(A) Removing a tour leaves a graph of even degree.

(B) A tour connecting a set of connected components, each with a
Eulerian tour is really cool! Eulerian even.

(C) There is no hotel california in this graph.

(D) After removing a set of edges E’ in a connected graph, every
connected component is incident to an edge in E’

(E) If one walks on new edges, starting at v, one must eventually get
back to v.

(F) Removing a tour leaves a connected graph.

19/26



Poll: Euler concepits.

Mark correct statements for a connected graph where all
vertices have even degree. (Below, tours uses edges at most
once, but may involve a vertex several times.

(A) Removing a tour leaves a graph of even degree.

(B) A tour connecting a set of connected components, each with a
Eulerian tour is really cool! Eulerian even.

(C) There is no hotel california in this graph.

(D) After removing a set of edges E’ in a connected graph, every
connected component is incident to an edge in E’

(E) If one walks on new edges, starting at v, one must eventually get
back to v.

(F) Removing a tour leaves a connected graph.

Only (F) is false.

19/26



A Tree, a tree.

Graph G=(V,E).
Binary Tree!

More generally.

20/26



Trees.
Definitions:

21/26



Trees.
Definitions:

A connected graph without a cycle.

21/26



Trees.
Definitions:

A connected graph without a cycle.
A connected graph with | V| —1 edges.

21/26



Trees.
Definitions:

A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected?

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.
|V|—1 edges and connected?

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.
|V|—1 edges and connected? Yes.

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.
|V|—1 edges and connected? Yes.
removing any edge disconnects it.

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.
|V|—1 edges and connected? Yes.
removing any edge disconnects it. Harder to check.

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.
|V|—1 edges and connected? Yes.
removing any edge disconnects it. Harder to check. but yes.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

21/26



Trees.
Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

21/26



Trees.

Definitions:
A connected graph without a cycle.
A connected graph with | V| —1 edges.
A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

o—0O0—_0C—-—00

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

To tree or not to tree!

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

oooo?%@ g/{?]

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

To tree or not to tree!

VAR

21/26



Trees.
Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.

A connected graph where any edge removal disconnects it.
A connected graph where any edge addition creates a cycle.

Some trees.

oooo?%@ g/{?]

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

To tree or not to tree!

K H S

21/26



Equivalence of Definitions.

Theorem:
“G connected and has | V| —1 edges” =
“G is connected and has no cycles.”
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Poll: Oh tree, beautiful tree.

Let G be a connected graph with |V|—1 edges.

) Removing a degree 1 vertex can disconnect the graph.
B) One can use induction on smaller objects.
C) The average degree is 2 —2/|V/|.

D) There is a hotel california: a degree 1 vertex.
E) Everyone can be bigger than average.
)

(A
(
(
(
(
(

B), (C), (D) are true

25/26



Lecture Summary.

Graphs.

26/26



Lecture Summary.

Graphs.
Basics.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.
Recurse on connected components.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.
Recurse on connected components.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.
Recurse on connected components.

Trees: degree 1 lemma = equivalence of several definitions.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.
Recurse on connected components.

Trees: degree 1 lemma = equivalence of several definitions.

G: nvertices and n— 1 edges and connected.
remove degree 1 vertex.
n—1 vertices, n— 2 edges and connected — acyclic.
(Ind. Hyp.)
degree 1 vertex is not in a cycle.
G is acyclic.

26/26



Lecture Summary.

Graphs.
Basics.
Degree, Incidence, Sum of degrees is 2| E|. Connectivity.
Connected Component.
maximal set of vertices that are connected.
Algorithm for Eulerian Tour.
Take a walk until stuck to form tour.
Remove tour.
Recurse on connected components.

Trees: degree 1 lemma = equivalence of several definitions.

G: nvertices and n— 1 edges and connected.
remove degree 1 vertex.
n—1 vertices, n— 2 edges and connected — acyclic.
(Ind. Hyp.)
degree 1 vertex is not in a cycle.
G is acyclic.

26/26



